We describe flux tubes and their interactions in a low energy sigma model induced by SU (N F ) → SO(N F ) flavor symmetry breaking in SO(N c ) QCD. Gauge confinement manifests itself in the low energy theory through flux tube interactions with unscreened sources. The flux tubes mediating confinement act as Alice strings in their cores, a phenomenon which may occur for π 2 -line defects in physically realized systems.
Nonlinear sigma models successfully describe many low energy QCD phenomena. However, they have not captured the hallmark feature of QCD: confinement, where potentials betweenpairs grow linearly with separation. Such linear potentials arise from flux tubes between unscreened q andq sources for pure Yang-Mills QCD. Conventional sigma models describe the low-energy dynamics of QCD due to the global flavor symmetry breaking SU(N F ) L × SU(N F ) R → SU(N F ) diag . Global flux tubes do not occur in these models, as the vacuum manifold G/H forms a Lie group, with trivial π 2 . This absence of flux tubes is consistent with the absence of unscreened sources in QCD with fundamental quarks.
Witten [1] In this letter we construct the flux tubes in this theory and show that their interactions with skyrmions and spinor sources obey heuristic expectations. We show that confinement in an SO(N c ) gauge theory can manifest itself in the low energy sigma model through flux tube interactions with unscreened sources. We proceed as follows: we derive the unique flux tube form with minimal energy; examine its classical stability and dynamics; and then study its quantum stability, spectrum, and interactions. We discuss how flux tubes act as
Alice strings in their cores, form loops that support skyrmion number, and mediate the confinement of spinor sources. We skip many technical details, which appear in [2] .
Finding Nontrivial Flux Tubes
The sigma model for SO(N c ) QCD describes the dynamics of a sigma field Σ, which encodes the orientation of the fermion condensate q α Li q α Lj with respect to its standard form ∝ δ ij , with Σ = 1. Under an SU(N F ) transformation by g, Σ transforms as Σ → gΣg T , so that a generic Σ has the form gg T for some group element g. Σ = 1l is invariant under a g transformation if g ∈ SO(N F ), so Σ is an element of the coset space G/H = SU(N F )/SO(N F ), which is not a Lie group.
G invariance and cylindrical symmetry fixes the form of the minimal energy flux tube to δ ab . The rank N F − 1 Cartan subalgebra has as a basis diagonal matrices 
, for h(θ) ∈ H and F b (r) ranging from zero at infinity to 2πn δ bb ′ (for some direction b ′ ) at the origin.
We construct a non-trivial flux tube Σ from the exact sequence
That is, gg T gives a nontrivial Σ only if g corresponds to some mapping from the plane to SU(N F ), with boundary values in the SO(N F ) subgroup. Furthermore, when parametrized as a family of loops, g must start at the identity and end on a nontrivial loop in SO(N F ).
as our coordinates on the plane, these criteria become
where h 2 (α) is a nontrivial loop in SO(N F ).
Through technical arguments, two of us show that such trivializations of SO(N F ) loops in SU(N F ) have minimal energy only when they induce Σ of a very limited form [2] . To
τ y } in some plane 2 -taken here as (12) for concreteness. This geodesic loop determines the associated flux tube Σ:
and
Here T h2 generates the loop h 2 (α), and T d are the Cartan generators from eq. (1). The boundary conditions on F d stem from eq. (2), requiring g(α, β) to trivialize h 2 (α).
Note that when F d>1 vanishes, Σ lies entirely within a planar SU(2) subgroup of SU(N F ),
This produces the simple form
where F ≡ F 1 , 1l 2 gives the identity in the plane 2 and vanishes outside it, and 1l is the usual SU(N F ) identity. In this letter, we consider only such planar flux tubes, having shown in [2] that they minimize energy for the action discussed here.
Flux Tube Stability and Dynamics
As a minimal model for Σ with stable skyrmions, consider the Skyrme lagrangian [5] * * We use QCD sigma model parameters e, F π , m π , etc., although these are not the usual pions.
There is also a Wess-Zumino term, which vanishes for constant-z flux tubes.
This model does not have stable flux tubes, for under the rescaling Σ(r, θ, z) → Σ(λr, θ, z), the tension of a finite flux tube can decrease. Flux tubes diffuse to infinite size (λ = 0) to lower their energy.
There are several modifications to the minimal L 0 , or to the minimal form for Σ, that lead to stable flux tubes [2] . One natural choice is to give non-zero mass to the quarks in the original QCD theory. This induces a mass term in the effective lagrangian,
which gives mass to the Goldstone bosons, and also stabilizes the flux tube solutions.
The Skyrme action eq. (5) gives gradient energy density to the flux tube:
whereT
and r has been rescaled to dimensionless units eF π r phys . For the planar solution eq. (4), this gives the energy density
To this term we add potential energy from the pion mass term eq. (6),
where λ = 2m π /e F π . Together, these energy contributions determine a nonlinear equation of motion for F , which we solve numerically. Solutions appear in Figure 1 for different values of λ, including the physical λ 0 = 0.236 (e = 2π, m π = 138 Mev and F π = 186 Mev).
Increasing λ raises the flux tube's energy density while shrinking its core size. Inside the core, F falls linearly from F (0) = 2π; outside, it scales as the hyperbolic Bessel function 
Quantum Stability and Spectrum
The quantum numbers and low-lying internal excitations of the flux tube are given by quantizing the zero-mode collective coordinates [3] ,
where A(t) rotates about n h T h with dimensionless frequency ω. † These modes have rotational energy confined to the string core, which can be calculated from the Skyrme action eq. (5):
withT from eq. (8) andT
Calculating eq. (12) is tedious, and described in [2] . We show there that the planar vacuum survives quantum fluctuations due to zero modes. It has the classical two dimensional Lagrange density
wherez measures dimensionless length along the flux tube and the planes 2 ′ intersect 2 in single lines. Our numerical solutions, modified by rotational back reaction, give for the † We neglect other excitations, such as bending modes.
integralsρ ≈ 5F π /e, Λ 2 ≈ 40/e 3 F π , and Λ 2 ′ ≈ 16/e 3 F π . The moments of inertia Λ 2 and Λ 2 ′ vary little with back reaction for quantum excited states; however, the tensionρ grows linearly with ω, due to compression of the rotating flux tube.
To quantize this Lagrangian, we must rewrite the time derivatives in eq. (14) 
Noether's theorem then gives for I ′ h ,
The flux tube solution Σ(r, θ) is invariant under the action of I Given these constraints, we write the Hamiltonian density obtained from eq. (14) in terms of the physically observable Noether charges, I h and J,
which is quantized subject to the constraint I Since twisted Alice loops can support monopole charge, we calculate the skyrmion number of a twisted flux loop, Σ(z, r, θ) = A(z) Σ(r, θ) A −1 (z) with A(z) = exp (iz l n h T h ).
2π-periodicity implies that l is integral for planar n h = n 2 , and even otherwise. Thus any A nicer parametrization of the skyrmion stems from the exact sequence
This identifies skyrmions on the vacuum manifold with images of skyrmions in SU(N f ), g(r,n) = exp (iF s (r)n i T i2 ). (Here r andn are the radius and unit direction vector in 3-space, and F s (r) approaches 2π at r = 0 and zero at r = ∞.) This gives an axisymmetric
after global spatial rotation. Equation (4) radial forms coincided, we could deform the skyrmion's lower hemisphere into a flux tube.
However, since both F and F s vary from 0 to 2π, the skyrmion cannot end in a single flux tube. Instead it joins only to flux tubes where F (r) ranges from 0 to 4π -that is, configurations with two flux tubes, which are trivial. Thus skyrmions are not confined.
However, objects which combine to form skyrmions can interact with the flux tubes.
Such "half-skyrmions" could arise as external spinor sources in the underlying theory. They are confined, as fundamentals cannot screen them. As mappings on G/H, they appear precisely as half-skyrmions -objects of form (18) 
